We give an easy description of the barycentric extension of a map of the unit circle to the closed unit disk using some ideas from dynamical systems. We then prove that every circle endomorphism of the unit circle of degree d b 2 (with a topological expansion condition) has a conformally natural extension to the closed unit disk which is real analytic on the open unit disk. If the endomorphism is uniformly quasisymmetric, then the extension is quasiconformal. for any m-measurable set E on T. For two m-measurable maps f and g from T to T, the composition f g is also a m-measurable map from T to T. Then for any m-measurable set E J T.
The conformal barycentric extension of f to a point z A D can be viewed by using some ideas from dynamical systems as follows.
For a Mö bius transformation preserving the unit circle t ¼ h z; t ðxÞ ¼ e 2pit x À z 1 À zx : D ! D; z 7 ! 0;
where 0 a t < 1. We use h z to denote h z; 0 . The inverse is xðtÞ ¼ h Let Ext cn ð f Þ denote a process of extending a map f of the unit circle to the closed unit disk. We say that it is conformally natural if it satisfies the following three properties:
(1) Ext cn ðidÞ ¼ Id, where id means the identity of the unit circle and Id means the identity of the closed unit disk. (2) Ext cn ðA f BÞ ¼ A Ext cn ð f Þ B for any two Mö bius transformations preserving the unit disk. (3) In addition, if f is a homeomorphism and
We will now prove that the process Ext bc ð f Þ defined in Definition 1 is a conformally natural extension Ext cn ð f Þ.
(3) can be easily verified as follows. Suppose
Thus Ext bc ð f Þð0Þ ¼ 0. If h is a homeomorphism of T, then Ext bc ðhÞðzÞ is the formula given in the paper [2] . By [2] , we know the following 170 yunping jiang, sudeb mitra and zhe wang Theorem 1 (Douady-Earle). Suppose h is a homeomorphism of T. Then for any z A D, h has a conformal barycentric extension Ext bc ðhÞðzÞ at z which defines a homeomorphism Ext bc ðhÞ of D. Moreover, Ext bc ðhÞ is real analytic on D. If h is a quasisymmetric homeomorphism, then Ext bc ðhÞ is a quasiconformal homeomorphism.
Remark 3. Abiko¤, Earle, and Mitra have generalized this theorem to a continuous monotone circle map of T of degree 1. The reader is referred to the paper [1] for details.
In the next section, we will show that a conformally natural extension to any orientation-preserving circle endomorphism can be easily obtained from Theorem 1 from the point of view of dynamical systems.
Circle endomorphisms
Suppose f : T ! T is an orientation-preserving circle covering of degree d > 1. Then f has a fixed point which we always normalize as 1. It is called a circle endomorphism. An example of a circle endomorphism is a Blaschke product BP having a fixed point inside D. Such an example is an expanding circle endomorphism (see [3] for the definition). Suppose the degree of BP is also d. Then both sets f Àn ð1Þ and BP Àn ð1Þ are d n ordered points on T. Thus we have a one-to-one correspondence h from points in f Àn ð1Þ to points in BP Àn ð1Þ keeping the order. Since BP is expanding 6 y n¼1 BP Àn ð1Þ is a dense subset of T. Thus h can be extended to a continuous monotone circle map of degree 1. We add the assumption (usually called a topological expansion condition),
Àn ð1Þ is dense subset of T: ð2Þ
Then h is a homeomorphism of T. This was first proved by Shub in 1967 (see [5] ), when f has certain smoothness properties. The reader can find a more general treatment of this by using symbolic dynamical systems in [3]. Thus we have that A circle endomorphism f is called uniformly quasisymmetric if all inverse branches of f n are quasisymmetric with a uniformly quasisymmetric constant (see [3, 4 ] for more precise definition). It was proved that in [3, 4] that f is uniformly quasisymmetric if and only if h in Proposition 3 is quasisymmetric. We therefore have the following Corollary 2. Suppose f is a uniformly quasisymmetric circle endomorphism of degree d > 1. Then Ext cn ð f Þ in Corollary 1 is quasiconformal. More precisely, Ext cn ð f Þ is quasiregular, which means Ext cn ð f Þ ¼ R F , where R is a rational map preserving the unit disk (that is, a Blaschke product) and f is a quasiconformal homeomorphism of the unit disk.
